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INTEGRO-DIFFERENTIAL METHOD
OF SOLVING THE INVERSE COEFFICIENT
HEAT CONDUCTION PROBLEM

V. L. Baranov, A. A. Zasyad’ko, UDC 536.2.083
and G. A. Frolov

On the basis of differential transformations, a stable integro-differential method of solving the inverse heat
conduction problem is suggested. The method has been tested on the example of determining the thermal dif-
fusivity on quasi-stationary fusion and heating of a quartz glazed ceramics specimen.
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The basic methods of determining the thermophysical characteristics, as well as of many other engineering
and technological parameters of various processes, are methods based on the solution of inverse problems.

The main problem arising in solving inverse problems consists in computational instability caused by the ill-
posedness of such problems [1]. Various methods are suggested to obtain stable solutions [2]. For example, in a quasi-
stationary regime of heating and entrainment of the mass of a heat protective material, when to recover the thermal
conductivity coefficient A(7) it is sufficient to measure the temperature at one point of a specimen, the needed stability
of the solution of the inverse problem is ensured by the choice of the temperature interval (step) in which A7) is de-
termined. Here, the algorithm for selecting the temperature interval is regularizing in essence. To obtain stable solu-
tions of inverse problems, A. N. Tikhonov’s regularization method [1] is most often used, which is reduced to the
solution of a variational problem that requires a large volume of calculations.

In [3], a solution of an inverse coefficient heat conduction problem (ICHCP) is considered on the assumption
that it has only one solution. However, such an assumption does not simplify the computational complexity of its so-
lution, since the ICHCP is reduced to the solution of an optimal control problem related to the class of variational
problems whose solution needs a large amount of machine calculations.

In the present work, using as an example the solution of an ICHCP for the temperature field in a material
with constant thermophysical properties, an approach allowing one to considerably reduce the amount of computations
for determining thermophysical characteristics is suggested.

Let us consider a linear heat conduction equation of the form

2
a_Tzaa_g (1)
ot dy

with boundary conditions allowing for mass entrainment from the material surface at a constant velocity:

T, |y:S(t) =T, . 2
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In [4], an expression for calculating the temperature field was obtained in the form
V.,
Ty, 0)=To+ (T, = To)exp| ——= (= Vo) |- “4)

Equation (4) cannot be used for determining the coefficient a because of its computational instability. With the aid of
the Laplace transformation and Fourier convolution, we represent the solution of Eq. (1) in an integral form:

m ot Vs

rh.0=Y [ [ Gu-ty-8g e ddr. 5)
j=1 080

In [5], the Poison kernel for the Dirichlet problem was calculated:

dat

r+2 2
Gl (y, t) = (2% )_r [T exp (_ JLL] .

On substitution of the dimensionality of the problem (» = 1), a kernel of the following form can be obtained:

1 v
G (0= exp | — .
1 Nan [ dat ]

For the Neumann problem
- 2
G, (v, 1) == 2a (2Nant) " exp [— i)_at]’
i.e., at r = 1, we obtain
2
Gy (y,)=- \/%exp [— ﬁ]

As a result, we arrive at the expression

da (t—-1)

2 2
T. p {M] (T, — Ty cp‘—/m Va exp [ﬂ")—]

ron-f [~ e | 2 ®
) _S(t)o Nemao o T —S(t)o N dg .
According to (4), the left-hand side of Eq. (6) can be presented in the form
V. Vi
T(y,t):TO+(TW—TO)eXp{ p +7}. ™

Consequently, the problem (1)—(3) has been reduced to (6), where we have two parts of the equation: on the
left is the known function, and on the right the difference of double integrals that takes into account boundary condi-
tions (2) and (3) in Dirichlet and Neumann forms. In Eq. (6) the thermal diffusivity is unknown; it is to be found by
solving the inverse heat conduction problem.

We present the method of finding thermophysical characteristics, in particular the thermal diffusivity, on the
basis of solving Eq. (6). The method is based on application of differential transformations (introduced in [6]) to the
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right-hand side of Eq. (6). This allows one to substantially simplify the initial expression due to the obtained approxi-
mations at the expansion points. For this purpose, we apply differential transformations first to the first integral and
then to the second. The method of differential transformations and its basic properties are considered in considerable
detail in [4].

Construction of the Differential-Taylor Model (DT model) of Heat Conduction Problem. A. Construction
of approximating functions for the first integral of Eq.(6).:

2 2
e o Ty exp (=9 £ o p|Z0=8)
ff 4a (t—7) ff 4a(t—1)
I = dd& =D dwdg,, D (8)
Uy ar(li—t))? P ey T o

The integral I; will be considered successively at & = const for the internal integral and at T = const for the external
one. The internal integral can be presented as follows:

)

[ ORIy [HD ) )
Liint j\/ |t—‘C|)3 J.tl() jnl >

T

-0-8° I _ 1

where u(t) = exp [(V(T)]; V(1) = ny(t) = —

ai-v 0 nm N(i—t)

1. We introduce the subradical expression:
e; (t)=(t—r)3:t3—3t21+3n2—13.
2. We transfer the expression obtained into the region of differential Taylor transforms [6]:
E (K=" (k) = 3CHb (k= 1)+ 3tH's (k—2) - Hb (k—3) . (10)
1, k=0;
0, k=21.
= 37H; Ey(2) = 3tH E\(3) = —H; Ei(k=4) = 0.

3. The denominator is #;(T) = Ve (T) = ( | -7 | )3. According to [6], the recurrent formula for obtaining the
discrete steps of the root has the form

where £k = 0, 1, 2, 3, ... and »(k) = { > Some of the discrete steps from (10) are defined as E(0) = t E|(1)

k
E; (=Y NE () VE, (k—1)

2 —
Ty (0 =VE, (k) = T 5 . (11)
1

Then the first three discrete steps will be written as

2 2 E l —
7, (0)=VE, (0) =E, ©) =\7 . T, (1)=VE, (I =zwlz(«)>>: 35%’
1

E@-CEN) 3H
2VE, (0) T8Vt

2
Ty (2)=NE (2) =
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Consequently, with the aid of reverse transformations of the differential spectrum [6] the denominator #1(T) = V( | t—1 | )3

2
can be presented in the form V3 — E’C\/t— + l
277 et

4. We transfer the fraction n(1T) = % into the region of DT transforms:
1
k
5 (k)= Y T ()N, (k—1)
(k) =1
N, (k) = |2 = (12)
: Ty (k) T, (0)

Then the first three discrete steps Ni(k) will be written as

1 1 T, (1) Ny (0) 3H\r
Ny (0)=——=—=, N ()=~ =—,
7,0 N7 T, (0) 2
.o T (N, () +T, @ N, (0) 15H
1 = — = .
T, (0) 87
Consequently, on the basis of inverse DT transformations the fraction n{(T) = % can be represented by the func-
t—7T
2
tion L M + 15; It remains to determine the numerator of the integrand u(7).
N 2B sANr
5. We introduce the notation for the exponent:
~o-8’_ B ~0-8’
V(1) = =——, B=tv(D)-v(1) 1= ,
da(t-1) -7 da

and transfer it into the region of DT transforms:
tV(k)—HV (k—1)=Bv (k),
whence we obtain the discrete steps of the differential spectrum:

V(©)=B/t, V(1)=HV(0)/t, V(2)=HV(1)/t.

. . . B .
On the basis of the inverse DT transformations, v(t) = —— can be represented by the function
t—1

2
v(r)=§+B—2T+B—§. (13)
t f t

6. Let us find the function exp [v(T)]. To determine the discrete steps of the T function exp [V(k)] on the as-
sumption that the discrete steps of the 7' function V(k) are known, we will avail ourselves of the recurrent formula [6]
( exp denotes the DT transform of the exponential function):

I=k
[+1
e_xpv(kﬂ)—l%“1 V(+1)exp(k=1),
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or with account for designations (9)
=k
U+ 1) = ZH—IV(H DU K-1), exp[V(0)]=
from (14) we find individual discrete steps of the kernel:

v (0)]. (14)

U (0) = exp [?] U=V U®©), UR)=05V1)U)+V(2)U0).

Then, on the basis of the inverse DT transforms, the function of the exponent exp [V(T)] = exp {L] is represented as

BB s BT BT o [B Br BT (B,
exp ; + +—3 [=exp +5 5 + . (15)
t t t t t r\2t
7. We designate the integrand as

exp| B
t_

2 (1) = ——=—to= iy (D) u (7).
RIS e

Then the products in the region of transforms (7 product) has the form

1=k
Z, (k) =U (kyxN; (k)= U (k=D Ny (D),

(16)
1=0

where * is the symbol of the operation of multiplication in the region of transforms. Individual discrete steps of the
integrand are determined from Eq. (16):

‘
exXp 7
Z,(0)=U(0) N, (0) = )

[¢]
>
g=
/—\
|
;/

Zi()=U)N,; (0)+U@O)N, (1)= N {Blzq SH]’
t

21 (2)=

U2DN O +UMN (H+UO)YN, ()= \/? 4(15t +ZOBI+4B ).
t 8t

On the basis of the inverse DT transformations, we find the approximation of the integrand z1(T) in the form

exp{g]

! B 3 12

\/T 1+ —+— +—(15t +ZOBt+4B)
t t

t28t
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8. The definite integral over the integration variable s within the limits o, — B, of the function z;(s) over its

discrete steps in the region of transforms Z;(0), Z,(1), Z,(2), ..., Z;(e°) is determined according to [6] from the expression

B, k=oo ,oktl K+l 2 2

- 7. (k - -
jZl (S) ds :z ﬁc (O 1 ( ) _ ﬁc o Zl (0) " Bc o Zl (1) . (17)
o o\ k+1 H

where o0 = 0. —sg, P = Bc — 50, s is the center of expansion into a Taylor series. In a particular case sy = 0.
Consequently, the internal integral (9) that takes into account three discrete steps is expressed by the function

exp [7} ) 303
I ——{B o JPimon (B 3) Bz (157 + 20Bt + 4B%) (18)
lint — 1% '
i \/t? 2 t2 2t 24t4

In the case of the account for the zero and first discrete steps the internal integral (9) has the form

B
exp|— 5
I = {t]|:[31a1+l3%0€ E i:|’ A1:B1_0H+3(B%_a%)’ A2=B?_al' (19)
NP Y B P 8ar NP
Then
2
Iy = eXp [‘—‘yﬁ)@] (A= 6-87 A =exp [A; 0 - )1 (4) - Ap” + 48 - AE) =i/ W B 5 @), (20)
where A3 = —4%”; W) = exp W W) = A3y -8 = 4307 = 2E+E7); 5(€) = (A] — Ap” + 240E — A8D).

9. The DT transform for the argument of the exponent w'(§) will be found on carrying out differential trans-
formations over the variable &:

W (k) =A3 [y (k) — 29Hb (k= 1) + H» (k= 2)] . 1)
Then the discrete steps are defined as follows: W(0) = Asy>, W(1) = —243yH, W(2) = AsH*, W(k>3) = 0.

10. The transforms of the exponent are found from (14), and individual discrete steps of the exponent have
the form

4 2 ’ 2
U (0)=exp(A3y), U (1)=-2AsyHexp (A3y),
’ 22 2 2 2 2
U'(2) =243 H exp (Ayy") + AsH exp (Ayy) = AsH exp (Agy) QAzy” + 1) .
Using the inverse transformations for the argument &, we obtain the inverse transform of the exponent:

exp [A; (v — &) T=exp (Apy”) (1 - 24 + A" (247 + 1)) .

11. We transfer the multiplier s(§) = (A%—A2y2+2A2y§—A2§2) in (20) into the DT transform by the argu-
ment & similarly to (10). As a result, we obtain the discrete steps

SO)=AT—Ay’: S(1)=24H; SQ2)=—AH .
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12. We find the product z'(§) = u/(§)s(€) in the region of DT transforms from (16). Individual discrete steps
of the integrand Z (k) (k =0, 1, 2) over & have the form

Z'(0)=exp (Ayy) (A — Apy)
’ 2 2 2 2 2
Z'(1) = exp (Agy") 2A,9H — 2A59H exp (Agy") (A| — Apy’) =2 exp (Apy") Hy [Ay — Az (A; — Ap))]
’ 2 2
Z'(2) = AH exp (Apy) A5y + 1) (A; — Agy) — 4A,A H exp (Apy) — AyH exp (Azy")

= H exp (Apy”) [A3 QA" + 1) (A| — Apy) —4A,A5° — Ay .

13. With the aid of (17) the external integral (8) on two discrete steps over T and three discrete steps over
€ will be expressed by the function

Loy =Dy {(Bz — ty) exp (Agy) (A; —Apy’) + (Ba — 03) exp (Ay) ¥ (Ay — Ay (A; — Ayy)

3 3

B
+ %O(Q exp (Apy)) [A3 QA5 + 1) (A, — Ayy’) — 444" — Az]} . 22)

If we take into account only the zero and first discrete steps over &, the external integral has the form
I =D 2 2 2 2 2 23
lext = D1 €Xp (A3y") (B — o) (A] — Ay ) + (B — o) y (Ay — A3 (A — Ay ) - (23)
Allowance for only zero discrete steps yields the following expression for Ijey:

2
exp [4y[ ]

24
Ilext=DlT(Bz_0ﬂz)(Bl_0€1)- (24)

When only one (zero) discrete step over & and three discrete steps over T are taken into account, we obtain [jey in
the form

2
Y
exp 2 2
L =D —[MJ Bioci(s 3) Bih 15¢° +20B1 + 4B (25)
lext = ~1 \/? By—0p) | By -0+ 5 t2+2t 24t4 ( t+ t+

B. Construction of approximation functions for the second integral of expression (6):

. e Xp{ (y—g)z}
2oV (Ty~TyVa [~ (—E) 22 | da(t-1) 26)
h= g-[ Vi [t—1| pLa(r—T)}dtd& ng'[ V[e-1] e

where

pV.c (T, — Ty) Na
D2 = ’\/F .
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1

|t— = m, e5(T) = t—1. The DT transform of the subradical expression e,(T) is
-7 2 T

Let ny(1) =

E,(=tv(k)—Ho(k—1), E,(0)=1, E,(1)=—H, E,(k>2)=

The DT transform of the root £(t) = V|t—1| in (26) is defined by (11):

Ey() -H
T2(O)—\/E2(0 =VE, (0) =r, Tz(l)—\/Ez(l 2\/E2T Eant

2
E,-(E () -H
2VE, (0) S8t

2
T, (2)=VNE, (2) =

The inverse transformation of the transform of the denominator V|7—t| yields its inverse transform in the form
2

T T
A

The DT transform of the fraction n,(T) in (26) is defined by (12):

ot BONO _H
2 0= T,(0) Nt 2 (== 7,00 2’
T, () N> () + T> Q) N, (0)  3H"
Ny @)= 20 % 2N, 0)

T, (0) 8T
On the basis of the inverse DT transforms we obtain the approximation of the denominator in (26) in the form

1 2
-t 2m Lyt T

G anr e

The numerator of the integrand in (26) u(t) = exp [V(T)] is calculated from (13), (14) and will have the form
of (15). Let us introduce the designations of the integrand in (26) z5(T) = ny(T)u(1). Then the product in the region of
transforms (T product) for the integrand is calculated from (16). For the zero and first discrete steps we obtain the ex-

pressions
ex B
p t

2, 0)=—"", 5,()=
2 N 2

Vi \a A

exp@[m”f}

The definite integral within o.— [ of the function z,(T) over its discrete steps in the region of the transforms
Z5(0), Z,(1) can be found from (17):

L=~

exp{t] 2 )

Ly =
it 3 2 2t 7

) 2 2
- -7 1 -a
Let Ay = B i -oi _Bi-ai

+ A22 = .
Vr 2 onlr 8arNt

With account for the designations introduced, we obtain
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Fig. 1. Integrand z;(T, &) = ﬁ
t—1

e = €Xp { 0= Z;) } Ay -0 - &)’ Ay) =exp[A3 (v - &1 Ay — A22y2 + 247908 —A22§2) » Ay=- 4%; :

This expression coincides with Eq. (20). Since the equation to calculate the external integral I,e coincides with the
equation for the Iy integral, the final representation has the form of (22):

2 2 2 2 2 2
Ly =Dy {(Bz —0p) exp (A3y") (Ag; —Agy ) + (By — 0p) exp (A3y") y (Agy — Apz (Agy —Appy))

3 3

B
g %2 exp (A) [As A3 + 1) (Ay; — Apyy®) — 4y 3y — A22]} . @7)

Thus, approximate expressions (22) and (27) have been obtained to calculate the integrals on the right-hand
side of Eq. (6). With allowance for (7) Eq. (6) has the form

- =2
~V.y Vi
TO+(TW_TO)eXpl amy+T}:Il—12, (28)

where [7 is calculated approximately from (22), and I from (27). To reduce the amount of calculations of the I; in-
tegral less exact equations (23)—(25) can be used. It is worthwhile to use them to obtain the primary estimate of the
thermal diffusivity by solving Eq. (28).

The integrand z;(t, &) is shown in Fig. 1. It is seen that the surface of z;(t, &) relative to & has insignifi-
cant differences and increases rapidly over the time coordinate with increase in the time of heating. As to the form
of z;(t, &), it should be noted that the number of the points of division over the time coordinate for the DT model
should be much larger than over the spatial coordinate.

Figure 2 presents different approximations z;(t, &) by displaced DT transformations at the points f,, T, over
the time coordinates with a step A, and h,,, respectively (t, = t—hyy, T, = T—hy,).
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V(Jr=1[)3
B
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Y ! =1, \/t? e 2 ! =1,
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B
exp| —
[t ] B 3) 7
1+42,2 +—(1512+ZOBt+4BZ) (b): 1-4, approximation at
\NB fle 2| g#
points Ty| — Ty4-

TABLE 1. Influence of Smodel and 8y on the Relative Error of Determining the Thermal Diffusivity 8, for Models (7)
and (28)

Values of parameters n and p Sodel, % 8y, % a-107, m2/sec S, %
Analytical model (7)
— 0 0 6 0
— 0 12.5 7.68 28
Integral-differential model (28)

n=3p=2 8.9 0 2.2 63
n=12,p=1 3 0 5.75 4.17
n=12,p =1 3 12.5 5.12 14.67
n=2l,p=1 0.05 0 5.87 2.17
n=2l,p=1 0.05 12.5 5.23 12.83

In the case of uniform division of the time interval into n parts and of the spatial coordinate into p parts for
the experimental parameters \_/oo = 0.11-10_3 m/sec, ¢ = 1759 kJ/(kg-K), p = 2000 kg/m3, t =20 sec, y = 4-10_3 m,
T, =2390K, & =a, = 229462722107 m & =B, = 3.807539625-10° m, T, = 0oy = 0 sec, T, = B, = 19 sec,
Eq. (28) yields the following values of residuals: € = I} =L, —-T(y, ): n =2, p =2, € = 1153036, n = 3, p = 2, € =
-119817, n =3, p =5, =-62504, n = 12, p = 2, £ = 0.0770.

Table 1 presents the solution of the inverse heat conduction problem for thermal diffusivity for analytical
model (7) and model (28) with approximation of the temperature field distribution over one discrete step for various
errors of experimental data. It was found that models (7) and (28) are most sensitive to the depth of heating of the
specimens investigated; therefore, the error Sy was introduced into the parameter y. An analysis of the numerical ex-
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periment shows that the analytical solution is sensitive to changes of y in the initial data and as a result the error §,
of the determination of a considerably exceeds the error in the initial data §,>> Sy. This points to the instability and,
consequently, to the unsuitability of the analytical model for solving the inverse problem. Conversely, the integral-dif-
ferential model (28) demonstrates stability, since 8, = Sy; 9, decreases with increase in the number of partition points
n, p. Attention should be paid to the fact that the integral-differential model (28) has one additional error of model
approximation which, as it turned out, does not influence the stability of the solution obtained.

The processing of data has shown that the experimental temperature field obtained in quartz glass ceramics
specimens with a = 0.6:10° m?/sec in the considered range of temperatures agrees well with calculation by Eq. (28).
The solution of Eq. (28) for a made it possible to obtain its value with an error not exceeding 3%. This confirms the
computational stability of the proposed method of solving inverse problems.

The basic result of the present work is in the reduction of the ICHCP, which requires extensive computations,
to the solution of a simpler problem consisting in the solution of Eq. (28) for thermal diffusivity. For comparison, we
will give the results of the solution of the test ICHCP problem as an optimal control problem on a BESM-6 computer
having a speed of response of a million operations per second. According to [3], the time of solving the problem was
equal to about 2.5 min, during which 1.5-10° operations were performed. In solving (28) the quantity of operations on
a modern computer of similar response is several orders smaller. The reduction of the mathematical complexity in
solving the ICHCP has a practical importance for controlling and monitoring thermal processes in real time.

Conclusions. With the aid of the integral-differential method based on differential transformations of the heat-
conduction problem in an integral-differential form, the solution of the inverse coefficient heat conduction problem
with mass entrainment, which is stable against errors in experimental data, has been obtained.

NOTATION

a, thermal diffusivity, m2/ sec; ¢, heat capacity, kl/(kg-K); E,(k), transform of e(T); E,(k), transform of e,(T);
exp [V(k)], transform of the function exp [V(T)]; G;(y, 1), Poisson kernel for the Dirichlet problem; G,(y, 1), Poisson
kernel for the Neumann problem; Gj, Poisson kernel; g]-(’c, &), right-hand side of boundary conditions; H, scale factor
of differential Taylor transformations; &, step between two displaced points; [, integral form of the representation of
the Dirichlet problem; Iy, internal integral for the Dirichlet problem; /.., external integral for the Dirichlet problem;
I, integral form of representation of the Neumann problem; I,; ., internal integral for the Neumann problem; 5., ex-
ternal integral for the Neumann problem; j, summation index; k, /, integer arguments in the region of transforms equal
to 0, 1, 2, 3, etc.; m, number of boundary conditions; N;(k), transform of expression 7n(T); N,(k), transform of expres-
sion n,(T); n, p, integer positive numbers; r, dimensionality of problem; S(7), linear entrainment from the surface, m;
S(k), transform of expression s(&); sg» center of expansion into a Taylor series; T, temperature, K; 7(k), transform of
expression #((1); Ty(k), transform of expression #,(1); T(y, T), temperature distribution function, K; 7{, temperature of
unheated material, K; T,,, temperature of heated surface, K; 7, time of heating, sec; f,, points of expansion by mixed
DT transformations (displaced points) over the time coordinate; U(k), transform of expression u(t); V(k), transform of
expression V(T); ‘—/w quasistationary value of the velocity of linear entrainment of mass, m/sec; W(k), transform of ex-
pression w’(§); y, coordinate reckoned from the initial surface, m; ¥, coordinate of the lower boundary of stationary
heated layer from the initial surface, m; Z,(k), transform of function z;(1); Z,(k), transform of function z,(7); 7 k),
transform of expression z'(§) (k = 0, 1, 2); o, ﬁc, limits of integration of function z;(s); o, Bl, lower and upper lim-
its of integration over the variable T; o, ,, lower and upper limits of integration over the variable &; &, stationary
value of the depth of heated layer, m; €, residual of solution; A, thermal conductivity, W/ (m-K); E), variable of inte-
gration over the coordinate, m; E»l’ &2, lower and upper limits of integration over &; p, density, kg/ m3; 1, variable of
integration over time, sec; Ty, Tp, lower and upper limits of integration over T; T,, displaced point over time coordi-
nate. Subscripts: ¢, displaced point over the coordinate; 7, temperature; v, displaced point in time; w, conditions on the
wall; 8, heated layer; 6*, dimensionless temperature of isotherm; O, unheated material, impenetrable surface.
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